Abstract. In this work we will consider the calculation of Groebner-Shirshov bases of Coxeter groups. This will be the main focus of the work. In [4] , Bokut & Shiao gave the Groebner-Shirshov bases of positive definite classical Coxeter groups A l , B l , D l by using the techniques of Elimination of Leading Word. We will give a counter example to a hypothesis which is introduced by Bokut & Shiao in [4] and we will calculate the Groebner-Shirshov bases of the positive degenerate infinite affine Weyl group An which is isomorphic to semi-direct product group Σn ⋉ Z n−1 , and further we classify all the reduced elements of the group by using the Composition Diamond Lemma.
Introduction
The Grobner basis theory for commutative algebras was introduced by Buchberger [3] and provides a solution to the reduction problem for commutative algebras. It is also known an effective algorithm of computing a set of generators for a given ideal of a commutative ring which further can be used to determine the reduced elements with respect to the relations given by the ideal. Later in [2] , Bergman generalized the Grobner basis theory to associative algebras by proving the Diamond Lemma which is the key ingredient in the theory and also equivalent to the so-called Composition Lemma which characterizes the leading terms of elements in the given ideal, see [9] .
First of all we recall some facts about non-commutative Grobner bases which are also known in the literature as Grobner-Shirshov bases (see, for example, [7] and [8] ).
Let S be a linearly ordered set, k is a field, k S is the formal free associative algebra over S and k where generators are the letters in the totally ordered set S. Further we let S * be the set of words which are obtained from letters in S performing free product. Now suppose that the words in S * are degree-lexicographic ordered.i.e. comparing two words first by lengths and then lexicographically. Definition 1.1. Any polynomial f ∈ k S is a linear sum of words in S * .
In this section the words plays the crucial roles similar to the role of monomials. Since any polynomial in f ∈ k S consists of finitely many words and the degree-lexicographic order is total, any polynomial f ∈ k S has a leading word. Letf be the leading word of f .
Let A = smg S|R be a semigroup presentation. Then R is a subset of k S and we can find a GroebnerShirshov basis s comp . The last set doesn't depend on k, and it consist of semigroup relations. we will call R comp a Groebner-Shirshov basis of A. It is the same as Groebner-Shirshov basis of the semigroup algebra kA = S|R .
The same terminology is valid for any group presentation meaning that we include in this presentation all trivial group relations of the form ss −1 = 1, s −1 s = 1, s ∈ S.
In the following sections we will consider the calculation of Groebner-Shirshov basis of Weyl groups and this will be the main focus of the present work. In [4] , Bokut & Shiao gave the Groebner-Shirshov basis of positive definite classical Weyl groups A l , B l , D l by using the techniques of Composition Diamond Lemma and Elimination of Leading Word. In the next section we will give the Groebner-Shirshov bases of Weyl groups A l , B l , D l . In the last two sections of the work we will give a counter-example to the hypothesis that was introduced by Bokut & Shiao in [4] and later we will calculate the Groebner-Shirshov basis of the positive degenerate infinite affine Weyl group A n which is isomorphic to semi-direct product group Σ n ⋉Z n−1 . Finally, we give reduced elements of A n .
Calculations for finite Weyl Groups
From [4] we have the following results.
The Weyl Group
Theorem 2.1. The Weyl group A l is generated by {s 1 , s 2 , · · · , s l } and s i,j = s i s i−1 . . . s j , where i > j; and s i,i = s i , s i,i+1 = 1 with defining relations; A1 :
So the Groebner-Shirshov basis for A l consists of the relations that which was given by A1 − A4.
Theorem 2.2. The Weyl group B l is generated by s i , 1 ≤ i ≤ l and s i,j = s i s i−1 . . . s j , where i > j; and s i,i = s i , s i,i+1 = 1 with defining relations;
where
where j < l. So the Groebner-Shirshov basis for B l consists of the relations that given by B1 − B6.
Theorem 2.3. The Weyl group D l is generated by s i , 1 ≤ i ≤ l together with defining relations A l−1 and
So the Groebner-Shirshov basis for D l consists of the relations given by D1 − D10 and relations of A l−1 .
A Counter-example to Hypothesis of Bokut& Shiao.
In [4] they formulate a general hypothesis on Groebner-Shirshov bases for any Coxeter group. In the next we will provide a counter example.
Let W be a Coxeter group, S is a linear ordered set with l-generators, and M = [m ss ′ ] be a l × l Coxeter matrix associated with W . Then we have 
for all i; thus the generators are involutions.
Now if m ij = 2, then the generators s i and s j commute thus the notation to define the relations of W can be presented in the form
for all s, s ′ ∈ S and finite m ss ′ .
Definition 3.1. Two words in S are equivalent if they are equal module commutativity relations from ( * ).
To be more precise, it means that they are equal in the so called free partially commutative semigroup (algebra)generated by S and with commutativity relations from ( * ). Later on the word problem can be solved in this semigroup(or algebra). 
In [4] , It was pointed out that the hypothesis holds for Groebner-Shirshov bases for finite Coxeter groups.
In the following we point out that the hypothesis not necessarily correct. Now consider the Coxeter matrix 
These are all initial relations. Now one can notice that there is extra elements for A 4 such as: Now note that if we take the previous pair as an index the second component of a pair can be determined by being even or odd of the associated entry of the Coxeter matrix. But the first component of the chosen can be any element less than the element in the second component. Thus if we write the pairs procedure in the article, the second element of the pair (s 1 , s 2 ) must be s 2 but it says that the element must be s or s ′ .
A counter-example to Hypothesis. The Coxeter matrix of affine Weyl group
Initial relations are
The Groebner-Shirshov Basis for W consists of the elements s 0 s 0 − 1,
Next let us check if these words are appropriate for the hypothesis or not.
Thus we see that the elements above in the Groebner-Shirshov basis can be written as the procedure in the hypothesis. But we have a problem for the following element.
Let consider
Since the second term of the element begins with s 2 s 3 , we must start by (m − 1)(s 3 , s 2 ) = s 3 s 2 .
Since m 43 = 3(s 3 and s 2 are 4th and 3rd elements respectively) is an odd number, we should continue by m(a, s 0 ) where a is a reflection less than s 0 however this is not allowed in the hypothesis. Actually this term can be written as (m − 1)(
(m − 1)(s 1 , s 0 ), but it does not follow the procedure in the hypothesis. Similarly the following elements can be written as the procedure in the hypothesis. 
In this section our aim is to calculate Grobner-Shirshov basis of positive degenerate infinite affine Weyl group A n which is isomorphic to semi-direct product of permutation group S n with translation group Z n−1 , where Z n−1 is the eigen-module of the action of the permutation group on its representation module Z n . It has a presentation with generators {s 0 , s 1 , . . . , s n } and relations
Here we will choose the linear ordering s 0 > s 1 > s 2 > · · · > s n on the generators on the contrary of the ordering chosen by Bokut and Shiao in [4] .
Theorem 4.1. Let A n be affine Weyl group generated by s 0 , s 1 , s 2 , . . . , s n with defining relations s
. . , n − 1 and s 0 s n s 0 = s n s 0 s n . Let us define the words
If we identify a relation u = v with polynomial u − v, a Gröbner-Shirshov basis for A n with respect to Deglex order with s 0 > s 1 > · · · > s n consists of initial relations together with the following polynomials.
(1) s ij s i − s i+1 s ij where j > i, i = 0, . . . , n − 2, j = i + 2, . . . , n when i = 0 and j = n. (2) s 0 s nk s j − s j s 0 s nk where j = 2, . . . , n − 2, k = n, n − 1, . . . , j + 2. (9) s 0j s n s k s 0 s nk − s 1 s 0j s n s 0 s n−1,k s k+1 where j = 1, . . . , n − 1, and k = n − 1, n − 2, . . . , j + 2. (10) s 0j s n s kl s 0 s nl − s 1 s 0j s n s 0 s n−1,l s k+1,l+1 where j = 1, . . . , n − 1, k = n − 1, n − 2, . . . , j + 2 and l = k − 1, . . . , 2.
Proof. The proof constitute two parts. In Part I we investigate where the new binomials come from.
(1) s ij s i − s i+1 s ij where j > i, i = 0, . . . , n − 2, j = i + 2, . . . , n when i = 0 and j = n. For j = i + 2 we have
For j = i + 3, . . . , n the others are obtained by induction on j.
(2) s 0 s nk s j − s j s 0 s nk where j = 2, . . . , n − 2, k = n, n − 1, . . . , j + 2. For k = n and j = 2, . . . , n − 2 we have
For k = n − 1, . . . , j + 2 the others are obtained by induction on k.
For j = n − 1 we have
The others are obtained by composition of the element of the type (2) taking k = j + 2. For j = n − 1, . . . , 2 and k = 0 we have
The others are obtained by induction on k. (9) s 0j s n s k s 0 s nk − s 1 s 0j s n s 0 s n−1,k s k+1 where j = 1, . . . , n − 1, and k = n − 1, n − 2, . . . , j + 2. It is obtained by composition of the elements of the types (6) and (3) 
For l = k − 1, it is obtained by composition of the elements of the types (9) and (3) respectively.
The others are obtained by induction on l.
Part II : Reduction. Now we have to show that all other compositions are trivial (reduces to zero) relative to initial relations including Groebner-Shirshov basis. Notice that a composition f ; g is trivial if leading words of f and g has no overlap. Because of that, we will only look compositions with overlap leading words.
In this part of the proof we have a lemma which will help us to reduce some compositions to zero easily.
If f ; g is trivial and a 2 = v 1ā2 , then f ; a 2 h 2 − g 2 b 2 is also trivial.
Proof.
Now we can start to show that the remaining composition reduces to zero. First of all we look the composition where s 0 s 1 s 0 − s 1 s 0 s 1 is the left element. Since almost all element types start with s 0 , we have a lot compositions to check. However, by Lemma 4.2 we will only show three such composition reducing to zero. The others will also reduce to zero as an application of Lemma 4.2. So let us check three such compositions.
Notice that for j = 2 this is relation with type (1) choosing i = 0, j = 2. If j = 2 then
We also have We also have s 0 s n s 0 − s n s 0 s n ; s 0 s j − s j s 0 = s 0 s n s j s 0 − s n s 0 s n s j . Notice that for j = n − 1 this is relation with type (4) choosing j = n − 2. If j = n − 1 then
The other compositions with left element s 0 s n s 0 − s n s 0 s n reduce to zero as an application of Lemma 4.2. Now consider compositions with left element s 0j s 0 − s 1 s 0j which is relation with type (1) choosing i = 0.
We have s 0j s 0 − s 1 s 0j ; s 0 s n s 0 − s n s 0 s n = s 0j s n s 0 s n − s 1 s 0j s n s 0 which is relation with type (6).
We have the following cases to be analyzed:
Case 2) If k = j + 1 then it just gives s 0,j+1 s 0 − s 1 s 0,j+1 which is relation with type (1). which is relation with type (5) choosing k = 0, j = n − 1, . . . , 2.
s 0 s nj s 0 − s n s 0 s nj ; s 0 s n s 0 − s n s 0 s n = s 0 s nj s n s 0 s n − s n s 0 s nj s n s 0 = s 0 s n s n−1 s n s n−2,j s 0 s n − s n s 0 s n s n−1 s n−2,j s 0 (by commutativity of s n ) = (s 0 s n s n−1 s n − s n−1 s 0 s n s n−1 )s n−2,j s 0 s n − s n (s 0 s n s n−1 s n − s n−1 s 0 s n s n−1 )s n−2,j s 0
where s 0 s n s n−1 s n − s n−1 s 0 s n s n−1 is relation with type (3) choosing j = n − 1.
We have the following cases to be analyzed: Case 1). Let k < j − 1. Then
Case 2). Let k = j − 1. Then
Case 4). Let k > j. Then
The other compositions with left element s 0 s j − s j s 0 reduce to zero as an application of Lemma 4.2.
Similarly it can be shown that the following listed compositions reduce to zero as an application of Lemma 4.2.
s 0 s n,k+1 s j − s j s 0 s n,k+1 ; s j s t − s t s j s 1 ≡ 0 Mod (the listed Groebner-Shirshov basis) for t = k.
s 0 s nk s j − s j s 0 s nk ; s j s j+1 s j − s j+1 s j s j+1 ≡ 0 Mod (the listed GS-basis) for k = j + 2.
s 0 s njŝ1k s k+1 − s n s 0 s njŝ1k ; s k s t − s t s k ≡ 0 Mod (the listed GS-basis) for k = 1, t = n. 4.1. Representation of Reduced Elements in the group. The Composition Diamond Lemma tells that the irreducible elements with respect to the Groebner-Shirsov basis give us a representation for affine Weyl group A n . Since we choose the total ordering s 0 > s 1 > · · · > s n on the generating set, the elements beginning with s 0 can not have conjugate elements beginning with other generators. Therefore the elements beginning with s 0 give us a representation of elements with minimal length of in the flag subset A n /A n .
As a consequence of our calculations it is seen that this representation can be expressed by words which are obtained by juxtaposing of some blocks of the elements.
The first block in the row is a word satisfying the ordering {s 0 , s 1 , . . . s n } and the following conditions: (i) s i s j not in that block except s 0 s n , for j − i > 1, i = 0, . . . , n − 2, (ii) s 0 s n s j is not contained in the block for j = 2, . . . , n − 2, and (iii) if the word is repeated in the sequent block again, the conditions still hold. By a simple calculation, we have these blocks in the following: s 0 s n s n−1 s 1 s 2 · · · s n−2 , s j s j+1 · · · s 0 s n s n−1 s 1 s 2 · · · s j−1 , s 1 s 2 · · · s n−2 s 0 s n s n−1 , s n−1 s 1 s 2 · · · s n−2 s 0 s n , s n s n−1 s 1 s 2 · · · s n−2 s 0 , s 0 s n s n−1 s n−2 · · · s 1 , s j s j−1 · · · s 1 s 0 s n s n−1 s n−2 · · · s j+1 ,
